We investigate the large baryon number sector of the Einstein-Skyrme model as a possible model for baryon stars. Gravitating hedgehog skyrmions have been investigated previously and the existence of stable solitonic stars excluded due to energy considerations[1]. However, in this paper we demonstrate that by generating gravitating skyrmions using rational maps, we can achieve multi-baryon bound states whilst recovering spherical symmetry in the limit where B becomes large. * email:b.m.a.g.piette@durham.ac.uk †
Introduction
The Skyrme model, in its initial form, was proposed and developed by T.H.R. Skyrme in a series of papers as a non-linear field theory of pions [2] , [3] . Skyrme's initial idea was to think of baryons (in particular the nucleons) as secondary structures arising from a more fundamental mesonic fluid. The key property of the model was that the baryons arose as solitons in a topological manner and thus possessed a conserved topological charge identified with the baryon number.
The lowest energy stable solutions of the model are termed Skyrmions and can be thought of as baryonic solitons. The Skyrme model has been very successful in modelling the structures of various nuclei and has been shown by Witten et al. [4] to possess the general features of a low energy effective field theory for QCD.
Some studies of the Skyrme model coupled to gravity have previously been undertaken [1] , [5] , [6] , mainly with the motivation of a comparison of its features with those of other nonlinear field theories coupled to gravity. Of particular note is the Einstein-Yang-Mills theory, in which gravitationally bound configurations of non-abelian gauge fields are produced.
Other reasons for studying the Einstein-Skyrme model are cosmological and astrophysical ones. Various authors have studied black hole formation in the model, with the conclusion that the so-called no-hair conjecture may not hold [7] , [8] .
The purpose of this paper is to study large baryon number Skyrmions or configurations of Skyrmions in the Einstein-Skyrme model. In particular, we wish to investigate if stable solitonic stars could exist within the model and to compare their properties to those of neutron stars.
Preliminary studies of Skyrmion stars have predicted instability to single particle decay [1] . However this was done using the hedgehog ansatz for baryon number larger than 1 which is known to lead to unstable solutions even for the usual Skyrme model. Since then, it has been shown that the Skyrme model has stable shell-like solutions [9] which can be well approximated by the so called rational map ansatz [10] .
In this paper we use the rational map ansatz and its extension to multiple shells to construct configurations in the Gravitating Skyrme model that have a very large number of baryon. We show that those configurations, contrary to the hedgehog ansatz are bound even for very large baryon numbers.
To construct configurations that have a baryon number comparable to that of neutron star, we have to introduce a further approximation, which we call the ramp ansatz. We show that this anstaz introduces further errors of only a few percent and we use it to compute very large Skyrmion configurations.
The paper is organised as follow: first we outline the Einstein-Skyrme model and discuss the main features of the results on static gravitating SU (2) hedgehogs obtained by Bizon and Chmaj [1] . We then use the rational map ansatz to construct shell like gravitating multibaryon configurations and show that for a fixed value of the coupling constant, the configurations exist only when the baryon number is below a certain critical value. Finally we introduce a ramp profile approximation to construct solutions with extremely high baryon numbers. We show how accurate it is and use it to construct Skyrmion stars configuration.
The Einstein-Skyrme Model
The action for gravitating Skyrmions is formed from the standard Skyrme action for the matter field and the Einstein-Hilbert action for the gravitational field.
Here L Sk is the Lagrangian density for the Skyrme model defined on the manifold M :
where U belongs to SU (2). As we eventually wish to study baryon stars, we take a spherically symmetric metric, such as associated with the line element
where A(r) and m(r) are two profile functions that must be determined by solving the Einstein equations for the model. Our choice of ansatz is motivated by the fact that although in some cases we will be studying non-spherical Skyrmion configurations, the regime we are primarily interested in (i.e. Skyrmions of extremely high baryon number) will be shown to admit quasi spherical solutions. Also, for realistic values of the couplings, the gravitational interaction is small compared to the Skyrme interaction and thus the use of a spherical metric even with non-spherical configurations, is not a great problem.
From (3), it can be shown that the Ricci scalar is
which, after integrating various terms by parts and noting that asymptotic flatness requires both A(r) and m(r) to take a constant value at spatial infinity, reduces the gravitational part of the action to
For what follows, it will be convenient to scale to dimensionless variables by defining x = eFπr and µ(x) = eFπm(r)/2, resulting in one dimensionless coupling parameter for the model, α = πF 2 π G. We note that taking Fπ = 186M ev and G = 6.72 × 10 −45 M ev −2 , then the physical value of the coupling is α = 7.3 × 10 −40 .
As the Skyrme field is an SU (2) valued scalar field, at any given time one can think of it as a map from R 3 to the SU (2) manifold. Finite energy considerations impose that the field at spatial infinity should map to the same point on SU (2), say the identity. Thus, one can simply think of the Skyrme field as a map between three-spheres. All such maps fall into disjoint homotopy classes characterised by their winding number. This winding number is a conserved topological charge because no continuous deformation of the field and thus no time evolution, can allow transitions between homotopy classes. It is this topological charge that is interpreted as the baryon number.
Gravitating Hedgehog Skyrmions
Gravitating Skyrmions were first studied by Bizon and Chmaj [1] who analysed the properties of static spherically symmetric gravitating SU (2) skyrmions. Taking the Hedgehog Ansatz for the Skyrme field
subject to the boundary conditions
where B is the Baryon number associated with the Skyrmion configuration, they derived ) is non-zero at αcrit; there simply ceases to be any stationary points of the action above the critical coupling.
The major problem with the ansatz (7) is that it leads to unstable solutions, i.e. for any given value of α, MADM (B = N ) > N MADM (B = 1). This is actually the case for the pure Skyrme model as well where the hedgehog anstaz (7) with B > 1 does not correspond to the lowest energy solution for the model. The solutions of the pure Skyrme model when B > 1 are known not to be spherically symmetric [11] but are stable i.e. E(B = N ) < N * E(B = 1).
It was actually shown by Houghton et al [10] , [12] that the multi-baryon solutions of the pure Skyrme model can be well approximated by the so called rational maps ansatz which is a generalisation of the hedgehog ansatz. While not radially symmetric, the ansatz separates its radial and angular dependence through a profile function and a rational map respectively.
In the following sections we will generalise the construction of Houghton et al to approximate the solution of the Einstein-Skyrme model.
The Rational Map Ansatz
The rational map ansatz introduced by Houghton et al. [10] works by decomposing the field into angular and radial parts. Using the polar coordinates in R 3 and defining the stereographic coordinates z = tan(θ/2) exp iφ the ansatz reads [10] 
is a unit vector where R is a rational function of z.
It can be shown that the baryon number for Skyrmions constructed in this way, is equal to the degree of the rational map providing we take the boundary conditions
Substituting the ansatz (9) into the action for the model and scaling to dimensionless variables as earlier, we obtain the following reduced Hamiltonian
where
From which one obtains the following field equations
and
where, for convenience, we have defined V (x) as
B is the baryon number and
Its value depends on the chosen rational map R. To compute low energy configurations for a given baryon charge B one must find the rational map R or degree B that minimize I.
This has been done in [10] and [11] for several values of B. Moreover when b is large, one can use the approximation[11] I ≈ 1.28B 2 . The value of I so obtained is then used as a parameter and one can solve equations (14) - (16) for the radial profiles F (x), A(x) and
We should point out here that for the pure Skyrme model the rational map ansatz produce very good approximation to the multi skyrmion solutions [10] : the energies are only 3 or 4 percent higher and the energy densities exhibit the same symmetries and differ by very little. All the solutions computed by Battye and Sutcliffe [11] , when B is not too small, have somehow the shape of a hollow shell. The baryon density is very small everywhere outside the shell, while on the shell itself, it forms a lattice of hexagons and pentagons.
Using the rational map ansatz, we will now solves the field equations (14) - (16) to compute some low action configurations. These solutions will correspond, initially, to a hollow shell of Skyrmions similar to the configuration obtained with the rational map anstaz for the pure Skyrme model. In the following sections we will show how our ansatz can be generalised to allow for more realistic configuration made out of embedded shells.
The first thing to note about our solutions is that we again obtain two branches of solutions at each baryon number ( Fig. 1 ). Obtaining this same qualitative behaviour is not surprising when one considers that the B = 1 rational map Skyrmion reproduces the usual B = 1 hedgehog. However, the behaviour of the critical coupling itself is drastically altered for the rational map generated configurations. Namely, we observe that it decreases as approximately 0.040378/B 1 2 ( Fig. 2 ). In particular this means that for a given value of the coupling, the rational map generated skyrmions can possess a much higher topological charge than their hedgehog counterparts, before there ceases to be any solutions. Quantitatively if B hedgehog is the maximum baryon number for which hedgehog solutions can be found at a given value of the coupling, then the highest baryon number rational map solution found at the same value of α will be approximately B 4
hedgehog . Again we observe that the metric function S(x) is non-zero at the critical coupling for all the solutions we have found and as such a horizon has not formed.
In Table 1 we present the radius, ADM mass per baryon and minimum value of the metric function, S(x), for configurations up to the maximum baryon number allowed at
. These values were obtained by direct numerical solution of equations (14) - (16), where we have used the boundary data as specified in (11).
We didn't didn't use the physical value of α (7.3×10 −40 ) because for this value, the ratio between the width of the shell and its radius is so small when we reach the maximum value of B that it becomes very difficult to solve the equation reliably. The value α = 1 × 10
is small enough to allow for a shell with a large baryon number to exist but large enough to make it possible to compute these solution nears the critical value of B for a single shell configuration. The major difference between these configuration and the solutions of Bizon and Chmadj is that the rational map ansatz configurations become more bound when the baryon number increases This suggests the possibility that giant gravitating Skyrmions can be bound and consequently, that the Skyrme model can be used to study baryon stars.
Another interesting feature of the data is the observed change in the radius of the solutions with increasing baryon number. We note that the radius grows as approximately B However there are two main deviations from this. Firstly, the constant of proportionality relating the radius to the square root of the baryon number decreases slightly but persistently as we increase the baryon number, indicating the gravitational interaction becoming more important as the number of baryons increases.
As we approach the maximum baryon charge that can exist at α = 1 × 10 −6 , we also notice that the radius of the skyrmion actually decreases as we add more baryons. This shows that the gravitation pull plays a crucial role near the critical value of the skyrmion. This is a tantalising property when one considers that generally a neutron star's radius must decrease for an increase in mass in order to achieve sufficient degenerate neutron pressure to support the star.
To motivate the further approximation that we will introduce in the next section, we now look at the profiles of the configuration that we have computed. First of all, we observe that the profile function F (x) stays approximately at its boundary value, π, for a finite radial distance before decreasing monotonically over some small region and finally attaining its second boundary value, 0. A similar behaviour is seen for both the mass field µ(x) and the metric field A(x) (see Fig. 3 ). Furthermore, as we increase the baryon number the structure becomes more pronounced, with the distance before the fields change (shell radius) increasing significantly, whilst the distance over which the fields change (shell width)
settles to a constant size. We conclude that at large baryon numbers, those configurations correspond to hollow shells where the baryons are distributed on a tight lattice over the shell. As such the, structures are nearly spherical, validating our choice of radial metric. modify the boundary condition (11) to read
whilst still ensuring that the Skyrme field is well defined at the origin. This idea was first used in [12] to construct two shell configurations for the pure Skyrme model.
The baryon charge is now N times the degree of the rational map. Fig. 4 shows the structure of the solutions we find in this case when N = 2. They suggest that the Skyrmion now exists as a N -layered structure. This is exhibited in the form of the profile, mass and metric functions which interpolate between the boundary values in N distinct steps of equal size stacked next to each other.
We can therefore think of this as a naive way of constructing a gravitating Skyrmion.
Instead of using the boundary conditions as in (11) and a rational map of degree B we consider constructing the B-Skyrmion using a rational map of degree B/N (with the associated value of I) and the boundary condition (20). This is a crude construction as we are effectively considering N adjacent shells of baryons, all with the same baryon number. We might realistically expect that the baryon number per shell and distribution of shells may vary significantly for the minimum energy configuration. Nevertheless we shall study the properties of such structures. In fact, in the case where the baryon number is large and the number of shells is small, we expect this crude construction to be quite valid. That is, we do not expect the baryon number to change significantly over the few shells at large radius. For the remainder of this section we will restrict ourselves to the case where N = 2. Table 2 summarises the properties of double layered gravitating skyrmions up to the maximum baryon charge allowed at α = 1 × 10 −6 . Briefly, we note the main features.
Firstly, for all baryon numbers, the radius of the double layered solutions is significantly less than their single layered counterparts. This is not surprising as the baryon charge exists over a thicker region and so the mean radius can decrease with the baryon density remaining the same. Secondly, when B is large enough, i.e. when the double layer starts to make sense, the double layer solutions are energetically favourable when one compares the ADM mass with the single layer solutions. Finally we note that the maximum baryon number allowed (at the given coupling) is almost twice as much in the case of the single layer skyrmions.
Of course the results of this section are not really the main regime of interest. We clearly need to study configurations of extremely high baryon number (of order 10 58 ) relevant for baryon stars.
We will now discuss this high baryon number regime.
The Ramp-profile Approximation
Unfortunately, at very high baryon numbers, eqns. ( (14) - (16)) become difficult to handle numerically. This is largely because the radius of the solutions becomes much larger than the distance over which the fields change. That is, we need to integrate over a region which is much less than 10 −16 radius, and so even double precision data types have insufficient precision.
Moreover, single shell configurations are not physically relevant and multiple shells will only yield configuration that looks like a star if the number of layers is very large, typically well over 10 17 . With such a large number of layers we won't be able to solve the equation numerically as we will need at least 10 times as many sampling points for the profile functions.
We must thus resort to another level of approximation: approximate the profile functions by profiles that are piecewise linear. This is inspired by the work of Kopeliovich [13] [14] except that our ansatz has to be piecewise linear to be able to generate configurations with a huge number of layers. After defining the ansatz for an arbitrary number of layers, we will show that for a single layer configuration the ansatz produces configurations that are in good agreements with the rational map ansatz configuration. Then we will use the new ansatz to construct configurations that are made out of a very large no of layers.
We have shown, in the previous section, that one can construct shell like structures with very large Baryon numbers. At large baryon numbers, the Skyrmions resemble shell like structures. That is, the fields are constant nearly everywhere except in a small region corresponding to the shell. In that region, the profile look like linear functions smoothly linked to the constant parts at the edges (cfr. Fig 3 ) . Motivated by this we approximate the fields by the ramp-functions
In the above there are four free parameters, namely the central radius x0 of the shell over which the fields change, the width of the shell W , the mass field at spatial infinity M and the value of the metric field at the origin A0 such that limx→∞ = 0. N is the number of layers we wish to study and, as such, is treated as an input parameter.
The picture is of a gravitating skyrmion with very high baryon number existing as N thin layers or shell of small thickness.
The above ansatz, allow us to find an approximation to the integrated energy. To do this we use the fact that the shell width is much smaller than the radius at large baryon numbers. In particular to evaluate the action integral we can approximate expressions of the type R G(x) sin p F (x) for any function G(x) that varies very little over the width of the shell by R G(x0) sin p F (x). We then use the fact that
This leads to the following expression for the energy:
To find the configurations which minimize this energy we first minimised it with respect to A0 and M algebraically in order to find an expression for the energy as a function of the width and radius only. Then we minimised this numerically using Mathematica. We will now discuss the features of these configurations.
First of all, we must compare the results obtained with the ramp-profile when N = 1 and compare them to the result obtained with the full profile. Tables. 3 and 4 show the properties of solutions we obtained using the ramp-profile approximation, again at α = 1 × 10 −6 . All the general features of the full numerical solutions are reproduced. In particular, the approximate B 1 2 scaling and then decrease of the radius, the decreasing ADM mass and the differences between the double and single layer solutions are all exhibited by the data obtained using the ramp-profile approximation.
Quantitatively though, there are some differences. The approximation allows a significant increase in the maximum allowed baryon charge. Also, the radius of configurations obtained using the approximation, tend to be smaller than those obtained numerically. If we concentrate on the baryon numbers greater than 10 5 so as to ensure our approximation, B R( that the width is much smaller than the radius, is valid, then at worst we find a discrepancy in the ADM mass of 11% and in the radius of 7%.
In general then, the data seems to confirm the reliability of the ramp-profile approximation. In fact the approach will be even more reliable at the extremely high values of the baryon number that we are interested in. This is because the radius of solutions is of orders of magnitudes greater than the width in such a regime, consistent with the approximations we have made.
Moreover, whilst searching for minima of the energy does not allow us to probe both branches of solutions, it does allow us to locate the value of αcrit. We again obtain the approximate trend αcrit ∝ B The results for using more and more layers in the construction (for fixed B and α), are also presented in Fig. 5 . We note that not only does the radius decrease significantly, but the added gravitational binding further improves the energies of the configurations, reflected in the low ADM masses obtained. There appears to be a critical number of layers that can be used before there ceases to be any solutions and although the value of Smin is close to zero at this point, the star still has not collapsed to form a black hole. Finally, we note that the radius of the Skyrmion at the critical number of layers is approximately 20.91km. This is comparable to a real neutron star, with a typical radius of 10km.
We reemphasise here that our approach to embedding shells of baryons is quite crude.
For few shells and large baryon number, we might reasonably believe that baryon number does not chance significantly from one shell to the next. However, when we embed many shells we should really consider that the baryon number of the inner most shells would likely be significantly less than the that of the outer shells. Nevertheless, our naive embedding has produced some interesting properties. In a future work we hope to improve our multi-layer construction to obtain a more realistic description of a baryon star. Previous work on the Einstein-Skyrme model highlighted a considerable problem with using the Skyrmions as a model for baryon stars. Namely, multibaryon hedgehog Skyrmions were simply not energetically favourable states. We have shown that this is simply a consequence of a poor ansatz for the true Skyrmion and, having used the more appropriate rational map ansatz, we have generated energetically favourable configurations of multibaryons.
We also observe the interesting property that near the critical coupling, the Skyrmions can decrease in radius as we add more baryons. This hints towards the similar behaviour exhibited by real neutron stars.
Although the rational map ansatz does not have an exact radial symmetry, at large scale it does. The anisotropy only appears at the nucleon scale.
Finally, since we started with the motivation of studying baryon stars within the Skyrme model, it is interesting to compare the features of our configurations with those of neutron stars. For realistic values, B = 10 58 and α = 7.3 × 10 −40 we find a minimal energy single layer configuration with radius=2.42 × 10 10 km. This is clearly too large for a neutron star (which is of order 10km. in radius). This is to be expected however due to the shell model we have taken. Firstly, as we are distributing the baryons over the surface area rather than throughout the volume of the star we naturally must require a much larger star for a given baryon number. This effect is two-fold in that if we were distributing the baryons throughout the volume, outer layers would feel the attraction of inner layers and enhanced radial compression would occur. The loss of such an effect is pronounced when we are considering realistically small values of the coupling.
It seems therefore that the way to construct baryon stars in the Skyrme model is to consider embedding shells of baryons within shells. This gives rise to more appropriate specifications for the star and is also more realistic. We do indeed observe such improvements for a many layered configuration. In fact the radius of B = 10 58 gravitating Skyrmion (at realistic α), can be decreased in this manner to approximately 20.91km.
We note however that this approach to shell embedding has only be done naively thus far.
We have only considered the case where the baryon number is equal for each shell. We really should allow the baryon number(and hence the rational map quantities) to vary over the shells. One approach towards this would be to assume that the baryon density is a constant over the shells. An even better approach would be to allow this to be a smoothly varying function that must be determined by minimising the energy. This will give a more realistic description of baryon stars within the Einstein-Skyrme model, as traditional descriptions of neutron stars also involve many strata, of differing neutron density. We are currently investigating such configurations.
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